This extends a previous study (2012 J. Phys. A: Math. Theor. 45 302001) of two initial waveforms whose far-field radiation patterns possess sidelobes separated by the Riemann zeros. The analysis suffered from the disadvantage that the sidelobes were very weak, making it difficult to detect the zeros between them. To overcome this, new Fourier pairs are derived, whose sidelobes are not weak. These are transforms of the zeta function on the critical line, modulated by functions with no zeros on the line.
Introduction
As is well known, any Fourier transform pair 
( ) »
In [1] two different modulations a(t) were examined. These were chosen because the corresponding Fourier transforms F(u) were known analytically. But they shared the disadvantage that the sidelobe radiation intensities were very weak compared with the intensity in the forward direction θ=0, making it hard to detect the zeros that separate them. My purpose here is to eliminate this difficulty by deriving new Fourier transform pairs for which the sidelobes are not small. Figure 1 , to be explained later, shows an example. In this new formulation, the shift T in (1.4) enables enhancement of selected sidelobes, making it easier to detect Riemann zeros in chosen ranges.
If we know the Fourier transform h(u) of the zeta function on the critical line, and the Fourier transform b(u) of the modulation function, that is This formalism is developed in section 2, and applied in section 3 to Gaussian modulation functions, for which F(u) can be calculated explicitly. In section 4 two more Fourier transforms are discussed.
General radiation pattern formula
We start with a known formula derived by van der Pol [2] :
in which fr(K) denotes the fractional part. One way to derive this is from s s s n s n n
which converges on the critical line s t i
The corresponding modulation factor, namely a t t i ,
is one of the two considered in [1] . From Van der Pol's formula, the transform of zeta itself is
Now we use the representation
in which ⌊Ç⌋ denotes the floor function (integer part) and Θ denotes the unit step. Thus
The main result now follows: in (1.1) the desired transform, giving the initial wave ψ(x, 0), is, from (1.8),
The exponential growth of the first term as u increases is canceled by the tail of the sum, in which the arguments in b(u-log n) get increasingly dense as n increases. In the following sections, we will exploit this in several ways. To get a rough understanding for now, let 
Gaussian modulation factor
For this modulation factor and its transform, we take
The initial waveform F(u) is, from (2.6) and (2.7),
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This is not an even function, but for T=0 it is real, because then G(−t)=(G(t)) * in (1.4). For negative u, the sum converges quickly. For positive u it does not. Then we replace the tail of the sum by an integral, as anticipated at the end of the last section, using the EulerMaclaurin sum formula (see (2.10 Figure 2 shows some illustrations of radiation patterns I(θ) and the corresponding initial waveforms F(u). According to (1.6), the radiation patterns (a, c, e) for this value kx 0 =35 should exhibit five Riemann zeros. For the value Δ=10 in (a), only the first Riemann zero can be detected; for the other four, the sidelobes are too weak. Increasing the value to Δ=30 in (c) makes two more zeros visible. And exploiting the offset by choosing T=60 in (e) finally enables all five zeros to be seen, by magnifying the large-angle lobes of this now- unsymmetrical pattern. The corresponding initial waveforms F(u), that would generate these radiation patterns are also shown. As (b) and (d) indicate, the peaks in these Fourier transforms get sharper as Δ increases, reflecting the terms in the sum in (3.4) . For nonzero T, as in (f), the waveform in complex, so the modulus |F(u)| is plotted.
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Other Fourier transforms
In this section, I describe two minor variants of the transforms considered in [1] .
the initial waveform is known [4] to be the even function
in which the sum is a theta function. In 
G t t
The variant (4.1), differing by the Lorentzian factor t , 
Evaluating the sum without the modulus and then subtracting the difference, gives a form involving Riemann's zeta function on the real axis, and a finite sum: 
This is a convenient form for numerical evaluation if u is negative (in which case the sum is empty), or positive and not too large. But as u increases the terms proliferate and also get denser. To accommodate this, we could use the Euler-Mclaurin formula as in the previous section. But a useful alternative is to transform the sum to a different sum, using the Poisson summation formula (see 1.8.14 in [3] ). This gives, exactly, 
The integrals can be evaluated, and the one not involving m cancels the term involving u, 
This expression, complementing (4.5), is convenient for numerical evaluation for larger u. Pictures are not displayed here because they are similar to figure 2 for the Gaussian modulation (3.1)-though of course with spikes of the type exp(−|x|) rather than Gaussians exp(−x 2 ).
Concluding remarks
From the general Fourier transform formula (2.6), it is obviously possible to create infinitely many initial waveforms generating radiation patterns incorporating the Riemann zeros. Of these, the class studied in section 3, whose modulation factor is Gaussian, seems to be the most promising candidate for experimental exploration. Of course it is necessary to generate the initial waveform F(u). With linearly polarized light, this could be achieved by suitably programming a spatial light modulator [5, 6] , with the radiation pattern focused onto a screen using a lens. Alternatives could be microwaves with a suitably sculpted antenna, sound, or-because G(t) and F(u) are functions of one variableoptical or acoustic surface waves.
